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Abstract—Machine learning tools are become recently very
popular for solving real applications from many areas. Most of
the learning problems are formulated as optimization problems
with simple objective function but large number of constraints
of order the number of training data. When considering the dual
formulation, usually the objective function is difficult to minimize
but the constraints are simple. One relevant application that fits
into this pattern is the support vector machine (SVM). A popular
approach for solving the primal SVM problem is based on first
order methods due to their superior empirical performance.
When considering the dual SVM formulation, which has simple
constraints, coordinate descent schemes are typically the method
of choice in practice due to their cheap iteration. In this paper
we present a comparative study of several first order methods
for solving primal or dual SVM problems. Numerical evidence
on support vector machine classification for automatic detection
of driver fatigue supports the effectiveness of such first order
methods in real-world problems.

Index Terms—Support vector machine, primal and dual first
order methods, driver fatigue monitoring system.

I. INTRODUCTION

In machine learning applications the optimization algorithms
involve numerical computation of parameters for a system
designed to make decisions based on large amount of data [11],
[21]. In particular, one of the most successful formulation for
classification of data is the support vector machine (SVM).
In the primal formulation of the SVM problem we have a
simple objective function, e.g. a quadratic expression with
diagonal Hessian, but a large number of linear constraints,
equal the number of training data. When considering the
dual formulation, usually the objective function is difficult to
minimize, but the constraints are simple. The recent success
of certain first order optimization methods for SVM problems
has motivated increasingly great efforts into developments of
new numerical algorithms or into analyzing deeper the existing
ones [3], [5], [7]-]9].

Though interior point methods are typically superior in terms
of convergence speed and accuracy, the first order methods
are able to rapidly provide a suboptimal solution at low com-
putational costs per iteration, which is important in machine
learning applications [10]. In this paper we describe several
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first order methods for solving SVM problems, some of them
developed recently by the second author. The optimization
algorithms we analyze use first order information combined
with random choice of the sets or of the coordinates. More
precisely, a popular approach for solving the primal SVM
problem is based on first order methods, such as conditional
gradient [2], due to their superior empirical performance.
However, we show that instead of dealing with the whole set of
constraints at each iteration as conditional gradient does, it is
more computationally efficient to apply a stochastic gradient
variant that uses only one constraint randomly per iteration
[8]. When considering the dual SVM formulation, which has
simple constraints, we show that coordinate descent schemes
are typically the method of choice in practice compared to
full projected gradient method due to their cheap iteration [9].
We present a comparative study of these full or partial first
order methods for solving primal or dual SVM formulations,
accompanied by detailed derivations of their computational
complexity.

As application we consider driver fatigue detection using
computer vision and support vector machine techniques [17],
[18], [20]. Our methodology for fatigue detection is based
on Viola-Jones algorithm for face and eyes detection [12]
and on machine learning techniques (linear SVM classifier),
to classify the eyes of the driver as open or closed. For
training the classifier we use the primal and dual first order
methods discussed in this paper. Numerical evidence on SVM
classification for automatic detection of driver fatigue supports
the effectiveness of such first order methods in real problems.

II. PROBLEM FORMULATION
Let f: R™ — R be a convex differentiable function. Further,
let W C R"™ be some non-empty closed convex set. Then,
we consider the following convex constrained optimization
problem:

f* = min f(w) ()

wew

Template (1) covers many applications in machine learning
(including SVM), statistics, signal processing, control, by
appropriately choosing the objective function and the con-
straints [1], [5], [6], [17], [21]. We assume that the objective
function f is simple, i.e. it is easy to minimize f or we
can easily have access to its gradients. On the other hand, in
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many application, including SVM classification, we encounter
complicated constraints, e.g. it is computationally prohibitive
to project onto the set W or W is described by a large number
of constraints. The most usual situation is when W = N2, W,
where each W, is simple closed convex set but m is large.
By simple we mean that it is easy to construct a barrier
function for each W, or the projection onto each set W; is
easy. For example, in SVM the feasible set W can be written
as the intersection of m halfspaces W = {w : Hw < h},
that is W; = {w : H;w < h;}, where H; is the ith row
of matrix H. Let us denote by W* the optimal set of this
problem and for any w we denote its projection onto W* by
w*, denoted w* = Ilw-(w). We also assume in the sequel
that we have access to the gradient of f, denoted V f, or to
its conjugate f*(a) = maxyedom(s)[(e, W) — f(W)], which
is a key assumption in primal or dual first order methods
to scale up the numerical algorithms. Based on the previous
assumptions we can also easily construct the dual of (1).
In particular, if we consider the conjugate of the indicator
function Iw of the closed convex set W, so-called support
function suppy (a) := maxwew (W, ¢), then we have:

Iw(w)

Replacing this expression in the primal formulation, we obtain
the dual problem of (1):

£ = min f(w) + Tw(w)

= mvén[f(w) + Hl(ilX<W, a) —

= max(w, o) — suppy ().

suppy ()]
= moz}x[fsuppw(oz) + Hbvill«W, a) + f(w))]
= max —suppy (@) — f*(~a)

= —min f*(—a) + suppy(a). 2
In the sequel, we analyze in details some primal and dual
formulations for SVM.

A. Support Vector Machine - Primal

The support vector machine (SVM) is a method that calculates
the separating bound that classifies two types of objects or
more. We consider the case of binary classification where
the goal is to separate into two classes the data thorough
a hyperplane, as in Fig. 1. Before formulating the primal
problem let us define the geometric margin of (w,b) for a
pair from the training set (z(*), y()™  as:

A A w \" b
NONNG <> NONIR
[[wl] [[wll

Through this notion we can measure the quality of the clas-
sifier prediction by finding the best bound that maximize the
geometric margin. This search is possible by formulating the
optimization problem:

: 1, w Co
wern T 5 117 £ SIS 3)
y(i)(wTﬂf(i) -b)>1-¢GVYi=1:m.

Fig. 1.
classifier.

A binary classification with the linear support vectors machine

Clearly, this problem fits into the primal form (1) based on
the following identification:

W:(waCT)T
W= ﬂM1W( {y D (wT® —b)>1—§1}).

When the vector of variables ( = 0, then the hyperplane
defined by w”z(") + b separates exactly the data into two
classes. When ¢ # 0, then the data are almost separately by
an hyperplane. Note that in SVM usually a formulation of the
following form is considered [11], [21]:

min - ||

m
2
c i 4
wER™ bER,CER™ 2 H + ;C @

s.t: y(’)(w 2@ —b)>1-¢, G>0,Vi=1:m.

In this paper we use the equivalent form (3) instead of
the classical formulation (4) since in this case we get less
constraints and the objective function is strongly convex in
the variables (w, () and thus more adequate for first order
methods. In fact in order to get a strongly convex objective
function in the full variables w = (w,b,{) we may also
consider adding an [ regularization for b as well in (3):

C
2wl + HCH2+7062 (5)

weR™, beR. CER™ 2
sly@(wlz® —p)>1-¢Vi=1:m,

where Cj is sufficiently small. Clearly, for Cy = 0 we recover
the original formulation (3) and for Cy small enough the
optimal solution of (5) is close to an optimal solution of (3).
Note that both primal SVM problems (3) and (5) have simple
objective functions (e.g. quadratic expression with diagonal
Hessian), but a large number of constraints (intersection of
half-spaces), thus difficult to project onto this set.

B. Support Vector Machine - Dual
The primal problem (3) can be also reformulated using the
dual settings as given in (2). In particular, one has e.g. the
following Lagrangian dual problem‘

max ,|| 12+
a<0 weRn, beR JCER™ 2

i=1

H<H2+
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To find the dual form we resolve the unconstrained quadratic
minimization subproblem in w leading to:

m m
«
w=— E QYiTi, C:—57 E a;y; = 0.
i=1 i=1

Making the change of variable « — —a we get:

m

>y =0,

i=1

m
o
w=Y oyiri, (= Yok

i=1

and the dual problem:
1, — 1 =
: 2 2
in o ;ﬂ aiyizill” + gz llall” — ;1 ;

m
s.t.: Zaiyi =0, a>0.

i=1

(6)

Elaborating on the above expressions in (6) and denoting the
kernel matrix K whose entries are given by K;; =y,y;z! x;
for all 7,7=1:m, we get:

. 1 7 i
anel]llg}n ¢(0¢) (;: 50& (K + 1/CI'rn)O‘ - ; ai)
N - (7)
st.: a€elA:= {Z%%ZO, azO}.
i=1

We notice that the dual form (7) has simpler constraints than
the primal problem (3). In fact, we can project onto the simplex
A={a: yTa =0, a > 0} in O(mlogm) flops [4].
Moreover, once a dual solution is obtained we can easily
recover a primal solution. Indeed, since the complementarity
condition o [y;(wTz; —b) — 1+ ¢;] = 0 holds, then for any
a; > 0 we can recover b from y;(w?x; —b) — 1+ ¢ = 0.
Thus, a primal solution can be recovered as:

(67

W= oz, (=g b= whe; — (1= G)/vi-
i=1

III. FIRST ORDER METHODS FOR SVM

In the following we describe several primal and dual first
order methods for solving SVM problems that use first order
information combined with random choice of sets or of
coordinates. We also provide detailed derivations of their
computational complexity on this specific application. From
our best knowledge this is the first comparative study of the
methods considered below for SVM.

A. Primal First Order Methods

Since primal SVM problem (3) has complicated linear con-
straints (intersection of many half-spaces) and since there are
efficient solvers for linear programs, one possible candidate
for solving (3) is the conditional gradient algorithm, see [2]
for a detailed description of this method:

Conditional Gradient

Given wg € W, for k£ > 0 do:
1. Compute the gradient V f(wy,)
2. Solve the linear program:
s = arg mingew (V f(wg), s)
3. Compute the new iterate:
Wit1 = (1 — &)Wk + Vi Sk-

where the stepsize v, can be chosen using line search, con-
stant, or variable such as v, = 2/(k + 1). Its convergence
behavior is given in next theorem:

Theorem 3.1: [2] Let f be a convex function with Lipschitz
continuous gradient of constant Ly and W be a convex set
with finite diameter diamyy = maxy, w,ew ||W1 — Wa| < oo.
Then, the iterates of conditional gradient with v, = 2/(k +1)
satisfy: )

« _ 2Lydiamy,

Fwe) = f = — R
In the particular case of SVM problem (3), since the objective
function is simple, we can compute immediately the gradient:

Vw) = (w0 CG)"
and the linear program we need to solve is:

: T T
s, =arg min (w; 0C( )s
k gs:( bC)( k Ck)

2V

st.: yD(wlz® —p)>1-¢Vi=1:m.

However, since the feasible set W = {w : y® (wTz® —b) >
1—¢; Vi =1 : m} is usually unbounded in order to ensure con-
vergence we need to impose some additional box constraints
w; < w < w,, for appropriately chosen (w;, w, ). Moreover,
conditional gradient needs to compute the solution of a linear
program at each iteration whose overall complexity is of order
O((m + n)3) [10], and requires knowledge of the entire
feasible set W. Therefore, it is not adequate in applications
where the data arrives in streams. Next, we present a gradient
descent algorithm with random projections that uses at each
iteration only one set W; = {w : y((wTz® —b) > 1 - ¢}
from the intersection W = N2, W;, see [8] for a detailed
description:

Gradient with Random Projections

Given any wy, for £ > 0 do:
1. Compute gradient step:
G(wi) = wi — 7,V f(wy)
2. Choose randomly an index i € [1 : m]
3. Compute the new iterate:

Wit1 = w, (G(Wg)),

where the stepsize 5 can be chosen constant or variable such
as vx = Yo/k. Recall that IIyw denotes the projection operator
onto the set W. The convergence behavior of this scheme is
given next:

Theorem 3.2: [8] Let f be strongly convex function with
constant oy and with gradient Lipschit with constant L.
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Moreover, assume that the stepsize is chosen as v, = %"
Then, there exists a constant M (L, oy, w*) > 0 such that the
iterates of gradient descent algorithm with random projections

satisfy the following convergence rate in expectation:
M(Ly,04,W")

i .
We used the notation w* for an optimal solution of the
primal SVM problem. Note that the previous theorem requires
strongly convex objective function, therefore for SVM we
usually consider the 5 regularization formulation (5), for some
sufficiently small Cy. Moreover, note that the computation
of the gradient step G(wy) is numerically cheap and the
projection Ilw, onto the half-space W; can be computed in
closed form in O(m + n) operations, which is much cheaper
than the overall complexity O((m-+n)?) for solving the linear
programm corresponding to one iteration of the conditional
gradient scheme.

B. Dual First Order Methods

In the dual formulation of SVM given in (7), the feasible set
is simple, that is we can project onto the simplex A = {« :
yTa =0, a >0} in O(mlogm) flops [4]. Thus, one possible
candidate for solving this problem (7) is the full dual projected
gradient method, see [10] for details:

E [[[wi — w|’] <

Full Dual Gradient

Given ag € A, for k > 0 do:

1. Compute gradient step:
Golax) = ar —wVo(ay)

2. Compute the new iterate:
ag+1 = a(Gg(ar)),

where the stepsize 7, can be chosen constant or using line
search. The convergence behavior of this scheme is given in
the next theorem:

Theorem 3.3: [10] Let ¢ be strongly convex function
with constant o, and with gradient Lipschit with constant
Lg4. Moreover, assume that the stepsize is chosen constant
vk = 1/Lg. Then, the iterates of the full dual projected
gradient algorithm satisfy:

20 10)

* (12 *(12
o=l < (1= 274 oo — o
Here a* denotes an optimal solution of (7). Note that for the
dual SVM problem (7) the Hessian Ko = K + 1/C1,, is
positive definite, since K > 0, and thus 04 = Apin(K¢) and
Ly = Amax(Kc). Moreover, since the projections step can
be computed efficiently in O(mlogm) operations, the main
computational bottleneck of the full dual gradient scheme is
the computation of the full gradient Vo(a) = Koo — e,
usually done in O(m?) operations. Here e denotes the vector
with all entries 1. However, we show below that applying a
random coordinate descent scheme to dual SVM problem (7)
we can update the iterates in at most O(m) operations (since
K is a dense matrix). Indeed, the random coordinate descent
algorithm has the following steps, see [9] for more details:

Random Coordinate Descent

Given ag € A, for k > 0 do:
1. Choose uniformly at random (i, 5) € [1 : m]
2. Solve the subproblem:

si,s¥) =ar min

( ‘ ]) g(Sivsj)Zoyyq,Si-ijSj:O
2. Compute the new iterate:

Qpy1 = o+ s7e; + sjej,

Dij(siy85)

where @ij(si, Sj) = quﬁ(ak)sz + L,Lj/2812 + Vj¢(04k)8j +
Lij/2s?, V¢ denotes the ith component of V¢, i.e. V¢ =
el'V¢, and L;; is the Lipschitz constant of the partial gradient
(Vi¢, V;¢). The convergence of this scheme is given next:

Theorem 3.4: [10] Let ¢ be strongly convex function with
constant o4 and with gradient Lipschitz with constant L.
Then, there exists a constant 7 = 7(og, Ly, m) € (0, 1) such
that the iterates of the random coordinate descent algorithm
satisfy in expectation:

E [p(ar)] — [* < 78(p(a0) — 7).

When the random coordinate descent algorithm is applied on
the dual SVM problem (7), we have that

Vig(a) = Ke(iy)or — 1,

usually computed in O(m) flops. Moreover, for this appli-
cation L;; = K¢ (i,i) + Kc(j,7). Finally, the subproblem
can be computed in closed form in O(1) operations, thus the
complexity per iteration of this scheme is O(m), that is m
times cheaper than for the full dual gradient. In the next section
we present numerical evidence for assessing the practical
convergence behavior of the four algorithms described above
on the driver fatigue monitoring system.

IV. DRIVER FATIGUE MONITORING SYSTEM USING
SUPPORT VECTOR MACHINES

We consider as main application the driver fatigue monitoring
system. Driver fatigue is one of the leading causes of traffic
accidents. In this section we briefly present the fatigue moni-
toring system which exploits the driver’s facial expression to
detect and alert fatigued drivers [17], [19], [20]. The presented
approach adopts the Viola-Jones classifier [12] to detect the
driver’s facial features. The correlation coefficient template
matching method is then applied to derive the state of each
feature on a frame by frame basis. An SVM classifier is finally
integrated within the system to classify the facial appearance
as either fatigued or otherwise. Using this simple and cheap
implementation, the overall system achieved an accuracy of
prediction of about 87%.

In Fig.2 we depict the flowchart of the proposed system whose
process steps are similar to [20]. The first step of the strategy
implies a face detection. Once the searching area is restrained,
the eyes detection phase begins. If any of this steps fails then
a new frame is acquired and the detection process is repeated.
Otherwise, if the detection is successful then we apply the
SVM classifier to obtain the state of the eye. Our contribution
is achieved at this step, that is we implement and compare the
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Fig. 2. Flowchart of the proposed system.

four optimization algorithms described in the previous section
on the corresponding primal and dual SVM problems using
real data from [16] to obtain the eye classifiers. After the first
successful detection, the eyes tracking is triggered. If the track
fails then we go back to the detection phase. The environment
in which the application was developed is Matlab R2016.

A. The Detection Phase

In the detection step we use two types of detectors: one for
the face and a second for the eyes. In our implementation
we applied the Viola-Jones algorithm with the HAAR-like
features that are fast to calculate due to the integral images
concept, see [12] for more details. However, the simple HAAR
classifiers are usually weak, so the Viola-Jones approach
develops a stronger classifier by organizing the previous ones
in a cascade structure. This method is precise, but the main
disadvantage is that the process is long. Matlab is equipped
with an image processing toolbox that includes face and eyes
detectors as described above. They are applied on a gray
image, so first a change of color spectrum is needed as the
frame acquired is a RGB image. The face detector is initialized
with the command:

vision.CascadeObjectDetector
(’FrontalFaceCART )

and the detector is called with

bbox = step(detector ,Image)

and returns a bound box with the following information
(x,y,width,height). For the eye detectors the command for the
initialization has the region of interest option activated, i.e for
the left eye:

vision.CascadeObjectDetector
(’LeftEye’, UseROI’ , true)

Practically, the bound box procured by the face detector will
be the frontier of the new area of search instead of the entire
image. The eyes detectors are called with:

bbox = step(detector ,Image,ROI)

Even if the detection is fast, repeating this action for each
frame will slow the processing phase, thus the need of a tracker
is imperative.

B. The Tracking Phase

The solution selected for the feature tracker is based on the
Kanade-Lucas-Tomasi work [13], [14], and it is named the
KLT tracker. For this method to work we first need to establish
the type of features that will be used in the process. The
extraction of the characteristics was based on the fact that the
pupil of the eye is a circle. Thus, we choose for this task the
Circle Hough Transformation (CHT) [15]. The CHT is applied
in the eye zone that it already detected and the points of this
specific geometric figure are recorded taking into account the
whole frame. Then, again Matlab has a command that resolves
the CHT:

imfindcircles (Image ,rVal/rRange)

To estimate the radius of the pupil we use the information
from the eye detector and the human geometric face aspects.
After the extraction of the features, the points of interest are
used in the KLT tracker. The tracking method uses the detected
features for monitoring. Each frame is analyzed based on the
previous one. The aim of this approach is to align a template
(the previous frame), denoted with T'(p), to an input image
I(p), where p is the vector that has the image coordinates
(x,y). For a better alignment between the template and the
input image, we employ a minimization of the differences,
which are obtained with the help of the [ norm:

DWW (psd)) = T(p),

where W (-, -) is the operator for translation. The algorithm is
designed to eliminate the points for which the distance from
a frame to another are bigger than a certain threshold and to
go back to detection if there are less than e.g. three points to
follow. This approach is faster and has a low computational
cost, but it looses points when occlusion take place.

C. The Classification Phase

After identifying the eyes, next step is to classify them as
closed or open and based on this information to calculate the
fatigue indicator. In order to train and test the classifiers we
used a database of real images of size 24x24 pixels from [16].
We select a total of 2.400 images from which half were for
the closed eye state and the other half for the open eye state.
For the training process we use 800 images (one-third of the
total number of images from the database), half for the closed
eye and half for the open eye. After extracting the features
from the training data (144 or 900) using the procedures
described above, the linear SVM classifiers were obtained with
the primal and dual first order optimization methods described
in the previous sections. The SVM classifiers were then tested
on the remaining images. The classifiers are binary, thus have
only the two states: open (coded as 1), and closed (coded as
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Gradient Random Proj. | Conditional Gradient | Random Coordinate Dual Gradient
Features - - - - - - - - - - - -
obj iter time obj iter | time obj iter | time obj iter | time
144 20.17 | 127 54 20.02 | 392 | 304 | 1993 | 23 5 19.94 | 93 27
900 11.05 | 471 173 1098 | 697 | 789 | 10.87 | 61 11 10.89 | 518 58
TABLE I

COMPARISON OF THE FOUR ALGORITHMS ON PRIMAL OR DUAL SVM.

Fig. 3. Database samples used in learning.

—1). For each eye (left and right) we create a separate detector
and classifier, but we have not observed substantial differences
in the classification accuracy of the left/right eye. The fatigue
indicator takes into account the eye status as follows: if the
eye status is closed for 6 frames consecutively, then an alarm
is triggered as it is considered that the driver is asleep; if an
alternation is detected (blink), then we consider that the person
is tired and a break is suggested.

Using the simple and cheap first order optimization algorithms
previously presented for solving either the primal or dual
formulation of the linear SVM problem derived from the 800
images, the overall system achieves an accuracy of about 87%
for both eyes when we consider 900 features and of about 83%
for 144 features. Note that while the differences between the
four algorithms is significant regarding the objective function,
CPU time and number of iterations (see Table 1), their
classification accuracy is not that different, in general between
86% and 88% for 900 features. Moreover, the reader should
note that in the table we report the full number of iterations for
all the methods, that is for gradient based on random projection
we divided the total number of iteration by n + m and for
random coordinate descent scheme by m /2. From the table we
also observe a very good behavior for the random coordinate
descent scheme, both in terms of CPU time and objective
function over the other three first order methods. Therefore,
numerical evidence supports the effectiveness of these primal
and dual first order methods based on random choice of the
sets or of the coordinates in real-world problems.

V. CONCLUSIONS

We have presented a comparative study of four gradient
type methods for solving primal or dual SVM problems for
classification. Our preliminary numerical simulations on SVM

classification for automatic detection of driver fatigue have
showed superior numerical performance of those methods
based on random choice of the sets or of the coordinates
compared to full projections or gradients, respectively. In our
future work we plan to investigate the effectiveness of such
first order methods in other real-world problems as well.
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